This paper shows how to create a small number of natural interpretations for non-3-D line drawings. If all constraints are removed, there is an infinite number of possible interpretations. However, humans instinctively create a limited number of interpretations. In order to obtain these interpretations, it is first necessary to check whether the line drawing requires figural completion. To ensure that natural figural completion is carried out, restrictions on figural completion, possible completion paths, and an actual process for completing figures are introduced. Next, constraints are introduced to reduce the number of interpretations. These include constraints concerning line elements, duplication, connectedness, inclusiveness, closure, good figures, and line sharing. The results of a psychological experiment show that the proposed method can create a small number of natural interpretations that correspond to human visual perception fairly well.
Introduction
Line drawing interpretation has been investigated since the advent of image recognition using computers, and several outstanding research results have been reported [ 2, 5, 7, 9, 12, 22] .
In all of these works, the line drawings in question were the contours of three-dimensional objects. If, however, a general line drawing is composed of several cross points and line elements, it is usually perceived as a set of two-dimensional figures such as those shown in Figs are referred to as non-3-D line drawings. In previous research, the focus has been on interpreting three-dimensional line drawings like Fig. 1 (d) . It is a rather special case, however, when a general line drawing is perceived as being completely threedimensional.
In the author's psychological tests, when subjects looked at Figural completion has been extensively discussed, especially in the field of psychology, and it is generally held that a figure is completed so that line continuity is good (Figs. 3(a) and (b)). If the continuation of a line does not make a closed figure (Figs. 4(a) and (b) ), then the figure is completed so as to minimize line length (Fig. 4(c) )
[ lo]. However, when figural completion occurs and when it does not occur, or how it occurs and under what conditions have not been adequately explained.
I. Restrictions on jigural completion
Figural completion does not always occur in non-3-D line drawing perception. Usually, X-junctions seem less likely to have completion lines. From the author's psychological experiments, in which subjects were asked to draw their most natural interpretations for complex line drawings, there seem to be three restrictions that figural completion should satisfy with respect to X-junctions. The types of lines that make up non-3-D line drawings also restrict the number of figural completions. Two other restrictions concerned with completion line type can also be introduced from the results of those experiments. Lines cannot be completed anywhere in the figure. Two other restrictions with respect to the line completion path can also be introduced based on the results of the psychological experiments. 
Figural completion paths
In figural completion, the types of completion line paths are limited. Let the start point of figural completion be A, and the end point be B. Let x(s) be the location function of the path with variable s, which is the length of the line (Fig. 8 (a) ) . Then, completion paths can be categorized into four types from the results of the psychological experiments. Path I: Tangent lines path. The tangent lines path is the path along the tangent line starting at point A and the tangent line starting at point B (Fig. 8(b) ). In general, it can be obtained by minimizing the following function F, :
where SA is s at point A and SE is s at point B. p and 7 are coefficients. Path 2: Minimum length path. The minimum length path means the shortest path that connects A and B (Fig. 8(c) ) . It can be obtained by minimizing the following function F2:
(2) $A Now variable s is the length of the line, lk(s>12= 1. (4) .s* Path 3: Smoothest path. The smoothest path means the path that minimizes the curvature along the line (Fig. 8(d) ). This path corresponds to the third order spline Path 4: Symmetrical path. The symmetrical path means the path that makes a subfigure which includes as the completion line a symmetrical figure (Fig. 8(e) ).
A problem arises when symmetrical paths are considered. That is, when the figure becomes a little more complicated, the number of symmetrical subfigures that should be completed becomes quite large (see Fig. 8(f) ). It is impossible for humans to check every possible subfigure. In this paper, therefore, symmetrical paths are considered only when the symmetrical figure to be closed is uniquely identified (in other words, when only a single line element is completed).
Even with this restriction, there are in most cases many possible symmetrical paths. In Fig. 3(a) , for example, an infinite number of symmetrical paths is possible. However, humans would perceive only limited types of paths, and these paths can be created by introducing a total curvature function. The total curvature function is originally the integral of curvature and is defined with smooth lines. However, it also can be applied to non-smooth curves as follows.
Consider the line figure L in Fig. 9 . Let L be composed of m smooth arc segments (Ii, I?, , i,,,). a, is the discrete angle between Ei and &+I, and Si is the length from the starting point s = 0 to the end point of arc i. Then B(S) at a point at distance s (s,, < s < s,,+_ 1) from the starting point is defined as A. Shimaya/Art&ial Intelligence 77 (1995) I-41 9 (6) where k;(s) is the curvature of a point on line segment i and ai is the the angle from the tangent at the end point of li to the tangent at the starting point of &+I. Let --7T < Lyi 6 7r.
An example of e(s) is shown in Fig. 10 . Note that if the starting point and the tracing direction of a line figure are given, then 0(s) of the figure is identified as unique, and that if 0(s) is given, the line figure is identified as unique.
A method that uses the total curvature function to complete the symmetrical paths that corresponds to human visual perception is proposed here. There are two kinds of symmetrical paths to consider: axially symmetrical paths and rotationally symmetrical paths. These are explained in detail below.
Axially symmetrical paths
Consider Fig. 11 (a) as a sample figure. Let Fig. 11 (b) the description of part L of Fig. 11 (a) . The total curvature function /3(s) of L is shown in Fig. 11 (c) .
If L is axially symmetric at point si, then
should be satisfied. Here, SL is the total length of L. If 8(s) is discrete at point s = si, then 0( si) is defined as
Now in Fig. 11 (c) , the symmetrical point candidates which satisfy (7) are the points between a and b, point c, point d, point e and the points between f and g. Note that if the total curvature function of L is linear at 0 6 s < 1, then all the points between 0 < s < l/2 are symmetrical point candidates (in this case, the points between a and b) . This also applies to the last part of the total curvature function (the points between f and g). In these cases, it is impossible to specify a single symmetrical point candidate. Therefore, the starting point and the end point of the continuous part of length l/2 are chosen as the symmetrical point candidates (in this case, points a, b, f and g are chosen).
Consider the case when point b is a symmetrical point. As point b satisfies (7), the figure is symmetric between (0 < s < rr/2) and (7rr/2 Q s < W-) . In order to obtain a symmetrical completion path, lines must be completed so that the total curvature functions before point s = 0 and after point s = 7rr satisfy (7). The obtained completion path is shown in Fig. 11 (d) , and this path satisfies the restrictions mentioned in Section 2.1. Similarly, when point f is a symmetrical point candidate, the completion path in When point a is a symmetrical point, the starting direction of the total curvature function before a is arbitrary. This also applies when point g is a symmetrical point. In these cases, the line which connects a and g is considered as the symmetrical axis. In this case, the completion path shown in Fig. 11 (e) is obtained. When point c or point e is a symmetrical point, the completion path in Fig. 11 (f) is obtained. When point d is a symmetrical point, it is impossible to extend lines from the total curvature function, because point d is the middle point of L. Therefore, no symmetrical path is considered in this case.
Rotationally symmetrical path
Consider Fig. 12 (a) as a sample figure. Let the description of part L in Fig 12(a) be as shown in Fig. 12(b) . The total curvature function of L is shown in Fig. 12(c) . If 
O<S<SL-Si

(11)
is satisfied at point s = si. then L can be symmetric with regard to rotation. Here again St is the total length of L.
The order of rotation n can be obtained by 27r n=m* (12) This means that L returns to the original shape by rotating it 360/n degrees.
In Fig. 12 (c) point x and the points between y and z satisfy ( 10). Note that if the total curvature of L is equal between (0 < s < I) and ( SL -1 < s < SL), then all the points between (S, -I < s < SL) satisfy (10) (the points between y and z in Fig.  12 (c) > . In this case, the starting point (s = 0) and the end point (s = SL) are considered as symmetrical point candidates; they connect L with the figure obtained by rotating L 180 degrees. This path is shown in Fig. 12(d) , but since the completion path does not adhere to Restriction 6 as mentioned in Section 2.1, this completion is not acceptable.
Another candidate is point X, and from ( 12), L is expected to be the second order of rotation. Now complete the line after s = SL so that ( 10) is satisfied. The obtained path is shown in Fig. 12 (e), and this path satisfies the restrictions mentioned in Section 2.1. In Fig. 13 , another example of figural completion, (a) is a sample figure and (b) shows the tangent lines path. A line is not completed by a minimum length path in this case. Fig. 13 (c) shows the smoothest path, and Fig. 13 (d) shows the symmetrical point candidates. Points 1,4, and 7 are candidates for both axially and rotationally symmetrical points, and Points 2,3,5, and 6 are candidates for axially symmetrical points only.
When point 1 or point 7 is either an axially or a rotationally symmetrical point, the completion path shown in Fig. 13 (e) is obtained. When point 4 is an axially symmetrical point. no completion path is obtained because point 4 is the middle point of the line. When point 4 is a rotationally symmetrical point, the completion path shown in Fig.  13 (e) is obtained. When point 2 or point 6 is a symmetrical point, it is impossible to obtain any completion path that satisfies the restrictions mentioned in Section 2.1. When point 3 is a symmetrical point, the completion path shown in Fig. 13 (f) is obtained by tracing the total curvature function. When the symmetrical completion path does not make a closed figure as in this case, the figure can be closed as illustrated in Fig. 13 (g) by any means except the symmetrical path. Similarly, when point 5 is a symmetrical point, the figural completion shown in Fig. I3 ( h) is obtained.
Consequently, the completion paths shown in Figs. 13(b), (c), (e), (g), and (h) are obtained with this method and they include all the completion paths drawn by twenty subjects in the experiment performed by the author. Therefore, it can be said that completion paths that correspond to human visual perception are obtained by this method.
Figural completion process
In the sample figures presented thus far, the cross points to be connected were already known. This section shows the actual steps needed to complete the figures of a general line drawing. Note that, in most cases, a line is likely to be completed in an area which is not part of the background and which has the largest angle at a cross point. For example, in Fig.  14(a) , a is the largest angle at the cross point, and therefore, the line is most likely to be extended from line 3 into the region formed by lines 1 and 2 ( Fig. 14(b) ) .
Each region in a complicated line drawing has several cross points that form angles, and there is a common rule that the region whose angles have the highest average size is more than likely to be the one in front. Now consider Fig Then, the following steps are introduced to complete the figures.
Step 1. Decide which region is most likely to be on the top by checking the angles at the cross points. Choose any two cross points of the region to be completed.
Step 2. Follow the completion paths mentioned in Section 2.2, checking to be sure each path satisfies the restrictions mentioned in Section 2.1.
Step 3. Open the cross points when a completion path is determined. In this case, to "open a cross point" means to disconnect the lines that form the largest angle at the cross point from the rest.
Step 4. If the figure after
Step 3 is a connected figure, then a process for further completion is investigated for the figure after
Step 2. If it is not, such a process is investigated for each separate figure.
Step 5. If further completion fails in the connected figure after opening, then the completion process starting with the two cross points in Step 1 fails. If further figural completion is impossible in each separated figure, then the completion process starting with the two cross points in Step 1 stops here.
Step 6. Choose another combination of two cross points of the top region and go to
Step 2. If all the combinations are checked, then the whole completion process ends.
If Fig. 15 (a) is described as shown in Fig. 15 (b), region 1 is supposed to be on the top as mentioned above. When cross points 1 and 2 are to be connected, the two paths shown in Fig completion paths. Fig. 15 (d) is a connected figure, and therefore, the additional step of connecting cross points 3 and 4 to complete the figure is investigated. In this case, the only completion path possible is the one shown in Fig. 15(e) . In Fig. 15(f) , all the subfigures are simple closed figures. and therefore the completion process ends here. When the original figure is composed of an odd number of cross points as is the case in Fig. 15(g In the example of Fig. 15(b) , cross points 1 and 2 are connected first. Now, in Fig.  16(a) , let us connect cross points 1 and 3 first for comparison. In this case, the two paths shown in Fig. 16(b) are possible from the procedure outlined in Sections 2.1 and 2.2. After opening the cross points, the figure is still a connected figure, and therefore the process to connect cross points 2 and 4 is examined. The possible paths do not, however, adhere to the restrictions mentioned in Section 2.1. As this example shows, if further completion fails in the connected figure after opening the cross points, then the completion process fails. Similarly, the figural completion process in which cross points 2 and 3 are connected first also fails.
Appendix A shows that these steps are computer implementable.
Selection of jigural completion
The restrictions on figural completion, possible completion paths, and how to complete figures have been described above. It is possible, however, that the figural completion obtained is unnatural for humans. This section shows how to decide which completion can be a plausible human interpretation. In order to achieve this, two factors that seem to control figural completion should first be considered.
Factor 1: Type of cross points. T-junctions are more likely to have figural completion than X-junctions.
The results of psychological experiments in which subjects drew their interpretations for many complex line drawings suggest this is because humans tend to perceive X-junctions as points where two lines cross each other. In ( 1) Humans tend to perceive figures that have three or less discrete points in total curvature function as good figures, even when they have no symmetry (Figs.
18(a)-(d)
).
' In perceptual psychology, "goodness" usually refers to a continuum rather than a dichotomy (of good versus bad figures) However, dichotomy is necessary in the present case to reduce the number of interpretations by excluding unnatural ones.
A. Shimaya/Artifcial
Intelligence 77 (1995) 1-41 Humans tend to perceive figures that have two or more symmetrical axes or that have third or more order of rotation as good figures, even when they have seven or more discrete points in total curvature (Figs. 18(i)-(j) ) . Furthermore, the goodness value of a GF is also defined with simplicity and symmetry because these are very strong factors in figure segregation [ 181. Note that there also cannot be an universally correct definition for the goodness value. It is sufficient, however, if the definitions reflect general human perception, and as will be shown later, these simple definitions of a GF and its goodness value work well enough.
Suppose subfigure L has n discrete points in the total curvature function and x symmetrical axes and yth order of rotation, then the goodness value g of subfigure L is defined as g(L) = ~*min{~,~}. (13) The author bases this definition on two observations made during psychological experiments.
( 1) The simpler the figure is (in other words, the less the number of comers or sides it has), the better the goodness for humans. (2) The more symmetric the figure is, the better the goodness for humans. 0 < g(L) < 1 and smaller g(L) indicate that L has a better goodness value. Examples of GFs and their goodness values are shown in Fig. 18 . A circle has the best value of zero, since it has an infinite number of symmetrical axes. As the symmetry is a stronger factor than simplicity in this definition, a rectangle is better than a triangle because it has more symmetrical axes.
It is not easy, however, to compare Gestalt factors for an interpretation with figural completion and an interpretation without figural completion. The following steps were developed to make the comparison less difticult. Consider Fig. 19(a) as a sample figure.
(1)
The goodness value of an interpretation with figural completion:
Step Step 2. Extract all the simple closed figures in each subfigure.
Step 3. Calculate the goodness value of each simple closed figure, and the sum G stands for the goodness value of the interpretation ( Fig. 19(d) ) .
The goodness value of an interpretation without figural completion:
Step 1. Open the same cross points as opened when figures are completed ( Fig.  19(e) ).
Step 2. Close the figure with the shortest line elements (Fig. 19(f) ).
Step 3. Extract all the simple closed figures in each subfigure.
Step 4. Calculate the goodness value of each simple closed figure. The sum G stands for the goodness value of the interpretation ( Fig. 19(g) ). In Fig. 19 , the goodness value with figural completion is better than the goodness value without it.
How to select a figural completion as an interpretation will now be addressed. Two cases are considered based on the control factors mentioned above. For example, the goodness value G does not improve by completing a line between X-junctions in Fig. 20(a) , therefore, figural completion is not likely (Fig. 20(b) ). However, Fig. 20(c) has a better goodness value with figural completion which also connects X-junctions ( Fig. 20(d) ). Therefore, this completion can be an interpretation. On the other hand, in Fig. 20(e) , which has only T-junctions, figural completion may occur even though figural completion does not improve the goodness value ( Fig.   20(f) ).
Constraints of creating natural interpretations
Suppose a complicated and ambiguous non-3-D line drawing is presented. Whether the line drawing requires figural completion or not and how to complete it if required is described in the previous section. At this stage, however, an infinite number of possible interpretations exist. This section shows how to create a small number of natural interpretations by introducing seven types of constraints. These constraints are based on the author's observations during psychological experiments on figure segregation, in which subjects were asked to draw their most natural interpretations for complex and ambiguous non-3-D line drawings. 
Constraint concerning line elements
There is an infinite number of possible interpretations for Fig. 21 (a) . However, humans would instinctively create only a finite number of interpretations. Therefore, some constraints are necessary to make the number of interpretations finite. If a line in the figure can be separated anywhere, the number becomes infinite. Therefore, the following constraint should be introduced.
Constraint 1.
A line element is the undivided line that connects one cross point to another.
By applying Constraint 1, Fig. 2 1 (a) can be described as Fig. 21 (b) , and each subfigure can be defined as a set of line elements, for example ( 1,4,6,7), and each interpretation can be described as a set of subfigures, for example { ( 1,4,6,7), (2,3,5,8)}. Note that turning points usually have no influence on non-3-D line drawing interpretation, because a turning point is a point where one line comes in, changes direction, and goes out.
Constraints concerning duplication
The duplication of line elements in a subfigure and the duplication of subfigures in an interpretation also make the number of interpretations infinite. Therefore, two more constraints should be introduced.
Constraint 2.
Lines should not be duplicated in a subfigure.
Constraint 3.
Subfigures should not be duplicated in an interpretation.
In Fig. 21 (a) , Constraint 2 means that those subfigures like ( 1,2,2)
are not allowed (Fig. 21 (c) ). Constraint 3 means that those interpretations like { ( 1,4,6,7), (2,3,5,8),(2,X5,8)} are not allowed (Fig. 21 (d) ) . By applying Constraints 1-3, the number of interpretations for Fig. 21 (a) becomes finite and can be calculated. First, the number of subfigures is 28 -1 = 255 (14) because, for every subfigure, each line (i.e., 1,. . . ,8) can be used or not used. This number is decreased by one because a figure with no line elements cannot be a subfigure. Thus, the number of interpretations of Fig. 2 
(a) is
2255 -1 215.79 * 1o76 (15) because, for every interpretation, each subfigure can be used or not used. The interpretation with no subfigures is excluded. The number of interpretations given by (15) is far too large. Therefore, other constraints should be introduced to create a small number of natural interpretations.
Constraint concerning connectedness
Subfigures given by ( 14) contain subfigures that are composed of some disconnected lines. Such subfigures seem to be very unnatural for humans, judging from the results of psychological experiments performed by the author. Therefore, the following constraint can be obtained from human common sense.
Constraint 4.
All lines in a subfigure should be connected.
Constraint concerning inclusiveness
Interpretations
given by ( 15) include interpretations that do not contain all the line elements in the original figure. Such interpretations also seem to be very unnatural for humans. Therefore, another constraint can be obtained from human common sense.
Constraint 5. Each interpretation should include all the lines of a given figure. In Fig. 2 I (a) , Constraint 4 means subfigures like ( 1,6) are not allowed ( Fig. 22(a) ), and Constraint 5 means interpretations like { ( 1.2), (3,4), (5,6)} are not allowed (Fig.  22(b) ).
By introducing Constraint 4, the number of subfigures decreases from 256 to 237. This means that there are 19 disconnected subfigures in Fig. 2 1 (a) .
Therefore, the number of interpretations is calculated as follows:
2'3' -1 E 2.21 * 107'.
III order to check the effectiveness of Constraint 5, let's think of the number of interpretations reduced by introducing Constraint 5. In Fig. 21(a) , it is the number of interpretations composed of at most seven line elements. The number is, however, not more than 8C7 * (22'_' -1 ) IX I .36 * lo-'".
This number is large, but it is also small compared with the number in ( 16). Therefore, this constraint is quite natural but not effective in reducing the number.
Comtruint concerning closure
The five constraints listed above are so obvious that very few subjects drew interpretations that were incongruous with the constraints in the author's tests. However, it was shown that these constraints alone are inadequate. Other constraints that are natural for humans and that can decrease the number of interpretations are needed. The following is one possibility. Therefore, Constraint 6 means that subfigures like ( 1,2,4,6) are not allowed (Fig.   22(c) ).
If the original figure cannot be composed of only simple closed figures, Constraint 6 can be introduced after decomposing the figure into some line elements that cannot form simple closed figures and parts that can be composed of simple closed figures (Fig. 22(d) ).
By adding this constraint, the number of subfigures in Fig. 21 (a) decreases from 237 to 20. Therefore, the number of interpretations is 220 -ng = 1033505,
where n5 is the number of interpretations that do not satisfy Constraint 5. Note that there are many subfigures in Fig. 21 (a) but few of them are simple closed figures. The number obtained using (18) is still very large, pointing to the need for further constraints.
Constraint concerning good jgures
Constraints l-6 use only topological information of lines and line combinations. It seems better to develop some constraints based on the shape of subfigures.
Humans have a strong tendency to prefer regular figures (such as circles, triangles, and squares) when they see complex and ambiguous non-3-D line drawings. This tendency can be easily ascertained by psychological experiments on figure segregation. "Good figures (GF)" are defined in Section 2.4, and a constraint concerned with GFs is introduced here.
Constraint 7.
If there exists an interpretation composed of subfigures that are all GFs, then interpretations that include subfigures other than GFs cannot be selected.
In Fig. 21 (a) , there are interpretations composed of all GFs (see Fig. 2 ), therefore, Constraint 7 means that interpretations like Fig. 23 are not allowed. By introducing Constraint 7, the number of interpretations of Fig. 21 (a) becomes 711, which is still not small enough.
Constraints concerning line sharing
The reason there are still more than 700 interpretations of Fig. 21(a) is that subfigures are permitted to share lines. As is easily imagined, line sharing greatly increases the number of interpretations.
However, if line sharing is not permitted, some natural interpretations like Fig. 2 (c) will be missed. It is therefore necessary to introduce some constraints on line sharing. Certain human tendencies have been observed in psychological experiments. The chance that subfigures include a line in common depends on the topological and geometrical nature of the line. Therefore, "line type" is defined and three constraints using the definitions are introduced.
First, each line element in the original figure can be categorized into two groups.
Inner line: a line that isn't a border line between the original figure and the background.
Outer line: a line that is a border line between the original figure and the background.
The "line type" of each line element is defined below.
Type I: an inner line. Type 2: an outer line that doesn't form a side of the border. Type 3: an outer line that forms at least one side of the border. Fig. 24 shows an example. Lines 5-10 in Fig. 24 (a) are inner lines, so they are type 1. Lines l-4 are outer lines. Line 2 is a part of side 1, and line 3 is a part of side 3, so these are type 2. Line 1 includes side 2, and line 4 includes sides 4 and 5, so they form at least one side of the border. Therefore, lines 1 and 4 are type 3.
Three constraints, which were developed based on psychological experiments performed by the author, are introduced here.
Constraint 8. Type 1 lines that do not have T-junctions or have T-junctions only on
the border are not shared in common by subfigures that include one another.
Constraint 9.
If a side of a border has only X-junctions, the type 3 line that forms the side is not shared in common by subfigures.
Constraint 10. If a side of a border has n T-junctions, the type 2 and type 3 lines that form the side can be used (n + 1) times by subfigures.
In Fig. 21 (b) , lines 2, 4, 6, and 8 are type 1 and connect with only X-junctions. In Fig. 24(a) , lines 9 and 10 are type 1 and connect with X-junctions, and lines 5-8 means that in Fig. 24(b) , sides 1 and 3 have one T-junction each, therefore lines l-3 can be used twice in an interpretation. In Fig. 25(f) , for example, line 1 is used twice. The interpretations shown in Figs. 25(a) , (b) , (d) , and (e) may not seem so unnatural, but very few subjects draw such interpretations according to the results of psychological experiments performed by the author. By introducing Constraints 8-10, the number of interpretations for Fig. 21 (a) becomes 6. Fig. 26 shows the created interpretations.
Another example is shown in Fig. 27 . Consider Fig. 27(a) as a sample figure. Without figural completion, there are two interpretations created by the constraints mentioned in this section. These are shown in Figs. 27( 1) and (2). When lines are completed, there are two possible paths considering the conditions mentioned in Section 2. One path is shown in Fig. 27(b) and the created interpretations are Figs. 27(3) and (4). The other path is shown in Fig. 27(c), and Figs. 27(5)-( 11) are the created interpretations. Consequently, interpretations ( l)-( 11) are obtained for Fig. 27(a) . These results show that a small number of natural interpretations can be obtained using this method.
Experiment and application
Psychological experiment
A psychological experiment was conducted to check the effectiveness of this method. (50) include curves. This experiment was designed to obtain natural interpretations of complex and ambiguous non-3-D line drawings. Therefore there were very few sample figures for which most of subjects drew the same interpretation.
The subjects were asked to draw only one interpretation that they think is the most natural for each sample figure. The figures were drawn on paper, and the time for observing each sample figure and for writing an interpretation was not restricted. There were reasons for setting these rules.
( 1) In initial tests where subjects were allowed to draw as many interpretations as they liked, they added interpretations they did not think natural. Therefore, it was difficult to determine which were the natural interpretations.
(2) The aim of this experiment was to obtain natural interpretations for complex and ambiguous non-3-D line drawings, and these figures are usually seen on paper rather than on a display. Table 1 shows the results. Column A shows the number of interpretations created using this method without figural completion. Column B shows the additional number of interpretations created using this method with figural completion. Column C shows the additional number of interpretations drawn by the subjects without figural completion. Column D shows the additional number of interpretations drawn by the subjects with figural completion. Column E shows the number of subjects whose interpretation is included in A or B.
The results in Table 1 indicate: ( 1) A high average rate of correspondence is achieved. Of the 1000 interpretations that the twenty subjects drew for the fifty figures, 929 were created using this method. Therefore, the average rate of correspondence between interpretations obtained using this method and by the subjects is 10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49 15  17  18  20  20  19  19  20  19  15  17  16  16  17  20  18  16  18  20  16  19  20  19  20  19  19  20  15  18  20  17  19  16  20  20  20  20  19  19   Total  817  344  148 
and the average number of interpretations drawn by the twenty subjects was
(22)
When the figure is composed of only good figures and has T-junctions on the border sides like in Figs. 28( 16)-( 25) ) the number of interpretations created using this method increases. However, the number is fifty-six at most and considering that (i) the number of interpretations drawn by the subjects also increases in those ambiguous figures in accordance with the number of subjects, and (ii) the number of possible interpretations after introducing constraints to make the number of interpretations finite is 10 38, it can be said that a small number of interpretations are generally created using this method. Consequently, this method is very effective since it creates a small number of natural interpretations of non-3-D line drawings that correspond to human visual perception fairly well. However, it misses the figural completion path in Fig. 29(g ), which was drawn by only a few subjects. This completion can be described as the path that is extended a little bit along the tangents and then is closed by the minimum length or by the symmetrical path. Like this case, most of the completion paths that the method fails to generate can be described as the combination of the paths mentioned in Section 2.2. Therefore, it can be considered that the four kind of paths proposed in this method are fundamental to figural completion. Fig. 30 shows two examples of interpretations this method misses. Fig. 30(a) is a sample figure, and Fig. 30(b) is an interpretation that isn't obtained by this method though a few subjects selected it. This interpretation does not adhere to Constraint 8 in Section 3.4, because it shares inner lines connected to only X-junctions by the subfigures which include one another. Most of the interpretations that are missed by this method are similar to this case, especially when inner lines are shared by GFs that include one another. This miss can be avoided by making Constraint 8 looser, such as 'Type 1 lines that do not have T-junctions or have T-junctions only on the border are not shared in common by subfigures that include one another, except they are both GFs", though it increases the number of interpretations. The aim of this research is to create a small number of natural interpretations by introducing simple and general constraints based on human visual perception. Therefore, the author made Constraint 8 strict to avoid increasing the number of interpretations. It should be noted though that the constraint is satisfied in most cases. subfigures are associated with certain objects, such as a "ribbon" or "hourglass" in Fig.  30(d) . In general drawings like those in Fig. 28 , however, these subfigures are rarely selected (less than 1%) according to the results of the psychological experiment.
Application
In the document recognition systems proposed so far, only characters are recognized by computers, and if the document has line drawings for which the system has no previous information, then the system cannot understand the drawings. This is because the number of possible interpretations for a general line drawing is infinite, and a way of creating a small number of natural interpretations has not been forthcoming until now. How the method works in real document recognition is described here. Fig. 31 is a page in the manual for the figure processing software HANAKO, which is widely used in personal computers in Japan. ' The page was put into a computer by an image scanner. The procedure for creating interpretations for the line drawings in the document is as follows. More details are given in [ 161.
( Fig. 32(a) is one of the line drawings extracted from Fig. 3 1. Fig. 32(b) shows examples of connected subfigures. Fig. 32(c) shows all the simple closed figures in Fig. 32(a) . The figures on the left are GFs, and those on the right are non-GFs. Fig. 32(d) shows the interpretation. In this case, one interpretation was created for Fig. 32(a) , and it is the same interpretation the author of the manual intended. Fig. 33(a) is another line drawing extracted from Fig. 31 . Fig. 33(b) shows examples of connected subfigures. Fig. 33(c) shows all the simple closed figures in Fig. 33(a) . The figures on the left are GFs, and those on the right are non-GFs. Fig. 33(d) shows interpretations.
In this case, seven interpretations were created for Fig. 33(a) . The number under each interpretation shows the likelihood of it being selected. It was calculated by the method proposed in [ 181, normalizing the numbers so that 1 .O means most likely to be selected. In this case, interpretation ( 1) in Fig. 33(d) is predominant compared with others, and this is the interpretation that the author of the manual intended.
These results show that this method can effectively be used in document recognition. 
Conclusion
A new method for interpreting non-3-D line drawings has been proposed. In interpreting such drawings, it is necessary first to know if the input line drawing requires figural completion or not, and how to do it when it is required. To ensure natural figural completion as performed by humans, the following factors are introduced:
( 1) restrictions that figural completion should satisfy, (2) four types of figural completion paths.
(3) an actual process for completing figures, (4) a way to decide whether the completion is required or not. At this stage, if there are no constraints, an infinite number of possible interpretations exist. Humans, however, make only a small number of interpretations. In order to obtain these interpretations, seven types of constraints were introduced: ( 1 ) constraint concerning line elements, (2) constraints concerning duplication, (3) constraint concerning connectedness, (4) constraint concerning inclusiveness, This appendix discusses implementing the figural completion process on a computer. When the input image is a digitized line drawing, Steps 1 and 2 in Section 2.3 can be implemented by using ordinary digital image processing techniques. Here, the implementation of Step 3 is considered.
In Fig. A. 1 (a) , let the two cross points that are connected by a figural completion be pi and p,i, and the line elements which form the largest angle at pi and pi be eii,eiz, and eji , ej2. Let the description of the rest of the line elements at pi and pi be ei, and e,i,,,. Now a cross point has at most four line elements; n and m are either 3 or 4. Let the incidence matrix of the figure be A and the description of an element in A be a@, e), in which p corresponds to a cross point and e corresponds to a line element. Let the description of a row of A be R(p) and that of a column of A be C(e) (Fig. A.1 (b) ).
Note that when connecting two T-junctions by figural completion, both pi and pj disappear and eis and ejs become identical (Fig. A.1 (c) ), whereas in other cases (connecting T-junction and X-junction, or connecting two X-junctions), pi and pj become identical (Fig. A. 1 (d) ) . Therefore, when a completion path is determined, the following substeps are introduced to implement Step 3.
Substep 1: Opening cross point pi. Make elements a(pi, eii) and a(pi, es) of the incidence matrix zero. Then take OR of the two columns C( eii ) and C (eiz), and make it C (e;i ) and delete C ( elT).
Substep 2: Opening cross point pj. Make elements a(pj,e/i) and a(pj, ep) of the incidence matrix zero. Then take OR of the two columns C (ejt ) and C (ejz) , and make it C(e,,i). Delete C(ej2). Substep 3: Connecting the two cross points.
(1) T-junction to T-junction. Make elements a(pi,eis) and a(pj,ej3) of the incidence matrix zero. Then take OR of the two columns C(eis) and C( ejs ), and make it C (eis ) and delete C ( e/s ) (2) Other cases. Take OR of the two rows R(pi) and R(pi), and make it R(pi) and delete R(pj). Opening of cross point a means that line elements 1 and 2 do not have a cross point in between, therefore, the elements of the incidence matrix which correspond to cross point a and line elements 1 and 2 become zero. Further, it means that line elements 1 and 2 become identical. It can be described by taking OR of the two columns that corresponds to line elements 1 and 2. In this case, a line element that connects cross points b and c is defined as new line element 1, thus eliminating line element 2. Likewise, Figs Step 4 in Section 2.3 first checks if the line drawing after figural completion is a connected figure or not, and this is easily done by checking its incidence matrix. 
